The fixed-point spectrum of a locally compact second countable
Introduction
Group actions on Banach spaces is a large topic related to many areas of mathematics : group cohomology, Kazhdan's property (T ), fixed-point properties. In [BFGM] , Bader, Furman, Gelander and Monod studied group actions by isometries on Banach spaces. In particular, they gave results concerning property (F Lp(0, 1) ), the fixed-point property for group actions by affine isometries on the space L p ([0, 1], λ) (abbreviated L p (0, 1)), where p ≥ 1 and λ denotes the Lebesgue measure. Among other results, they show that a locally compact second countable group with the fixed-point property (F Lp(0, 1) ) has the Kazhdan's property (T ) when p ≥ 1, and that these properties are equivalent when 1 ≤ p ≤ 2 (see Theorem A and Theorem 1.3 in [BFGM] ).
Some groups are known to have property (F Lp(X,µ) ) for all p ≥ 1 and all standard measure space (X, µ): a more general result states that higher rank groups have property (F Lp (M) ) for all p ≥ 1 and all von Neumann algebra M (see Theorem B in [BFGM] , Theorem 1.6 in [O1] , and [LS] for a stronger result). See also [M] where analog results are established for universal lattices SL n (Z[x 1 , ..., x k ]) (n ≥ 4).
On the other hand, there exist Kazhdan groups which do not have property (F Lp(0,1) ) for some p > 2. For instance, hyperbolic groups (and among them co-compact lattices in Sp(n, 1) have property (T )) admit a proper action by affine isometries on ℓ p , as well as on L p (0, 1), for p large enough (see [Yu] and [Ni] ).
The main motivation of this article is the following conjecture of C. Drutu : for all topological group G, there exists p c ≥ 1 such that G has property (F Lp(0,1) ) for 1 ≤ p < p c , and G does not have property (F Lp(0, 1) ) for p > p c . We introduce the following set and we use a similar terminology as in [No] .
Definition 1 Let (X, µ) be a standard Borel measure space, and let G be a topological group. The set F L ∞ (X,µ) (G) = { p ≥ 1 | G has property (F Lp(X,µ) ) } is called the fixed-point spectrum of G (for affine isometric actions) on L p (X, µ)-spaces.
The notation F L ∞ (X,µ) (G) we use will be justified later : the fixed-point spectrum can also be defined for actions on non-commutative L p -spaces; in that case L ∞ (X, µ) is replaced by a general von Neumann algebra M, and the fixed-point spectrum is denoted by F M (G).
The conjecture of C. Drutu can be rephrased as follows : the set F L ∞ (0,1) (G) is connected for all group G. Our first main result is an answer to the same question, when replacing ([0, 1] , λ) by a discrete measure space. We denote by ℓ ∞ the space of all bounded infinite sequences of complex numbers, and ℓ p the subspace of p-summable sequences in ℓ ∞ . So the spectrum F ℓ ∞ (G) can be empty, an interval, or the union of two disjoint intervals : we will show that these three situations can occur, depending on the group G considered.
Let us now consider the case of the fixed-point spectrum for actions on general L p (X, µ)-spaces. We refer to the following section 2 for more details about facts and definitions related to isometric group representations on L p -spaces. Let 1 ≤ p < ∞, p = 2. Let π p : G → O(L p (X, µ)) be an orthogonal representation. There is a natural family (π q ) q≥1 of orthogonal representations π q : G → O(L q (X, µ)) associated to π p , namely the conjugate representations of π p by the Mazur maps M p,q . Then we can define the fixed-point spectrum for affine isometric actions with linear parts (π q ) q≥1 as
where H 1 (G, π q ) is the first cohomology group of G with coefficients in π q (see section 2.3 for a definition). For simplicity in notations, we will denote
for p = 2 (but this set does not depend on p). In the sequel, we will say that π p is measure-preserving (resp. Gaussian) if the associated action on (X, µ) is measure-preserving (resp. Gaussian). Then we have the following result.
Theorem 3 Let 1 ≤ p < ∞. Let (X, µ) be a finite measure space. Let G be a locally compact second countable group which is compactly generated. Let
Then one of the following equalities holds :
As an application of Theorem 3, we will deduce that a group has property (T ) if and only if the first cohomology groups H 1 (G, π) vanish for all Gaussian measure-preserving orthogonal representations π :
for some p ≥ 1 (or equivalently for all p ≥ 1).
Some of the previous results extend to the context of group actions on non-commutative L p -spaces. We recall that, to a von Neumann algebra M, one can associate a non-commutative L p -space denoted by L p (M) (see the survey [PX] for precise definitions). We can define the fixed-point spectrum F M (G) (and
In the case of a commutative von Neumann algebra
The main exemple of a (purely) non-commutative L p -space is given by the Schatten p-ideals S p . These spaces are the L p (M)-spaces associated to the von Neumann algebra M = B (H) , and are defined by
where H is a separable Hilbert space, and Tr the usual trace on B (H) . Then an easy adaptation of the proof of Theorem 2 gives the following result.
Theorem 4 Let G be a locally compact second countable group. Then one of the following equalities holds :
Recall that a locally compact second countable group G has property (T Sp ) if for any orthogonal representation π : G → O(S p ), the restriction of π on S ′ p (π), the complement of the π(G)-invariant vectors, has no sequence of almost invariant vectors (see section 2 for more details). As an application of the previous theorem, we obtain the following characterization of Kazhdan's property (T ) by actions on Schatten p-ideals.
Theorem 5 Let G be a locally compact second countable group. Then there exists some constant ǫ(G) > 0 such that, for all 1 ≤ p < 2 + ǫ(G), the following assertions are equivalent : (i) G has property (T ); (ii) G has the fixed-point property (T Sp ); (iii) G has the fixed-point property (F Sp ).
The paper is organized as follows. In section 2, we recall the facts and results we will need about isometric group actions on L p -spaces. Section 3 is devoted to proofs of results for fixed-point spectrum in a general framework. We then use these results to prove the results in the following particular cases : for actions on ℓ p (section 4), on L p (X, µ) for finite measure spaces (X, µ) (section 5), and on S p (section 6). In section 4, we discuss as well the difficulties to obtain a proof for the conjecture of C. Drutu, and give some partial results in that direction.
Isometric group actions on L p (X, µ)-spaces
In this section, we recall some general definitions and properties of linear and affine isometric actions on L p (X, µ)-spaces. Let G be a topological group, and (X, µ) be a standard Borel measure space.
Orthogonal representations on
Let 1 ≤ p < ∞, p = 2, and denote by O(L p (X, µ)) the group of bijective linear isometries of the space L p (X, µ). By a theorem of Banach and Lamperti, elements in O(L p (X, µ)) are the linear maps U : L p (X, µ) → L p (X, µ) described as follows :
where h : X → C is a measurable function of modulus one, and ϕ : X → X is a µ-class-preserving bijective transformation. In the particular case where (X, µ) is a discrete measure space, then ϕ is a pemutation of the countable set X.
, and we have the following π(G)-invariant decomposition of the space L p (X, µ) :
, < f, h >= 0 } is the annihilator of the G-invariant vectors for the contragradient representation π * : G → L p ′ of π, p ′ = p/(p − 1) (see Proposition 2.6 and section 2.c for more details in [BFGM] ).
When p = 2, the isometry group O(L 2 (X, µ)) contains much more elements than those described by formulae ( * ) in the Banach-Lamperti theorem. Orthogonal representations given by formulae ( * ) will play a central role in our study. To distinguish them from the others (when p = 2), they will be called (BL) orthogonal representations in the sequel.
) be a (BL) orthogonal representation. We will say that π is measure-preserving if the corresponding action of G on (X, µ) is µ-preserving, equivalently if the associated Radon-Nikodym derivative is equal to 1 almost everywhere. By Banach's description of the isometries of ℓ p , all (BL) representations on the space ℓ p are measure-preserving (see section 2 in [BO] for details).
The Mazur map
A very useful tool to study L p -spaces and their representations is the Mazur map. Here we recall the definition and some well-known properties of this map. The proof of the basic properties of the Mazur map can be found in Chapter 9.1 of [BL] .
is called the Mazur map. It induces a uniformly continuous homeomorphism between the unit spheres of L p (X, µ) and L q (X, µ). More precisely, it satisfies the following estimates for 1 ≤ p, q < ∞ :
for all x, y ∈ S(L p (X, µ)), where the constant C p,q only depends on p, q (the opposite inequalities hold when q < p), and θ p,q = min(1, p q ). Here we make an important remark for our proofs. Assume that we have a sequence (p n ) n of real numbers in [1, ∞[ which converges to p ≥ 1. Then we can find a constant C > 0 (independant of n) such that inequalities (1) hold for all Mazur maps M p,pn , M pn,p when replacing C p,pn and C pn,p by C. This fact can be deduced from the proof of Theorem 9.1 in [BL] . It is also a consequence of more general inequalities which hold for the Mazur maps on non-commutative L p -spaces : we will give the relevant precise references in section 6. Now assume p = 2, and let
is said to be a sequence of almost invariant vectors for π p if ||f n || p = 1 and
Then the group G admits a sequence of almost invariant vectors in L ′ p (π p ) if and only if it admits a sequence of almost invariant vectors in L ′ q (π q ) (see section 4.a in [BFGM] ).
Affine isometric actions on
is a 1-cocycle associated to π, that is a continuous map satisfying the following relations :
Given an orthogonal representation π and a cocycle associated to π, we will sometimes use the notation α = (π, b) to denote the affine representation whose linear part is π, and translation part is b. We denote by H 1 (G, π) the first cohomology group with coefficients in π, that is the quotient of the space of 1-cocycles associated to π, by the subspace of 1-coboundaries (a coboundary is a cocycle of the form
We recall that an affine isometric action of G on L p (X, µ) has a fixedpoint if and only if the associated cocycle b : G → L p (X, µ) is a bounded map (see Lemma 2.14 in [BFGM] for p > 1, and [BGM] for p = 1). The action is said to be proper if lim g→∞ ||b(g)|| p = ∞. A topological group G is said to have the fixed-point property (
A locally compact second countable group G is said to have property
has no sequence of almost invariant vectors. Recall the following fact due to Guichardet (see [BFGM] section 3.a for a proof) :
We will use the latter argument in the sequel, and also an important consequence : property (F Lp(X,µ) ) implies property (T Lp(X,µ) ) (these results hold in a much more general context, in particular for isometric actions on non-commutative L p -spaces : see Theorem 1.3 in [BFGM] ).
Topological properties of the fixed-point spectrum
In this section, we will study topological properties of the fixed-point spectrum F L ∞ (X,µ) (G, π), namely its closeness, openness and connectedness,
The results from this section can be stated in the more general context of non-commutative L p (M)-spaces. We make the choice to state them in the context of classical L p -spaces, for the convenience of the reader not familiar with non-commutative L p -spaces. The following results hold in particular for Schatten p-ideals and L p (M)-spaces where M is a finite factor. We will give more explanations in section 6 for the case of Schatten p-ideals.
We begin with some general facts concerning isometric actions on L pspaces. (BL) orthogonal representation. Then there exists C > 0 and N such that for all n ≥ N , we have
Recall that the constant C in estimates (1) from section 2.2, applied to M pn,p , can be made independant of n since lim n p n = p. Hence the latter inequalities and the convergence to 0 above contradict the fact that
The following proposition concerning the existence of almost invariant vectors will be useful in the sequel.
for n ∈ N. As in the previous lemma, we can choose C for the estimates of the Mazur maps M pn,p , independant of n. Then we have
Now by Lemma 6, there exists
) ≥ C ′ holds for all n large enough. Now consider v n the projection of h n on the complement subspace L ′ p (π p ). Since ||v n || p ≥ C ′ for n large enough, the uniform convergence ( * ) on compact subsets holds when replacing h n by v n /||v n || p . Hence (v n /||v n || p ) n is a sequence of almost invariant vectors for π p with values in
Now we study topological properties of the set F L ∞ (X,µ) (G, π). Our proofs will require two important assumptions : the monoticity of (L p (X, µ)) p for the inclusion, and the representation π to be measure-preserving. Under these assumptions, the first result is the following closeness property of the set F L ∞ (X,µ) (G, π).
Then we have
and π p is measure-preserving, b defines also a cocycle for the representation π pn . Then there exists f n ∈ L pn (X, µ) such that
Notice that we can assume that f n ∈ L ′ pn (π pn ) for all n, without loss of generality. We claim that (||f n || pn ) n is bounded. To prove this, we assume the contrary and we show that π p has a sequence of almost invariant vectors, which is not possible by assumption. Take a subsequence of (||f n || pn ) n which tends to ∞ (and use the same notation for the subsequence). Let Q ⊂ G be a compact subset. Since lim n ||b(g)|| pn = ||b(g)|| p for all g ∈ G, for n large enough we have
and the right-hand side of the inequality tends to 0 as n tends to ∞. By Proposition 7, there exists a sequence of almost invariant vectors for π p in L ′ p (π p ). Hence by a general argument recalled in section 2.2, the representation π pn has a sequence of almost invariant vectors in L ′ pn (π pn ). This contradicts the vanishing of H 1 (G, π pn ). Then there exists C > 0 such that ||f n || pn ≤ C for all n ∈ N. Let g ∈ G.
We have
Hence the cocycle b : G → ℓ p is bounded in ℓ p .
The second step toward the proof of the connectedness of F L ∞ (X,µ) (G, π) is an openness property. We will need an argument due to Fisher and Margulis, using a limit action on an ultraproduct of L p -spaces. We first recall briefly this construction, and then we use it to show the openness property for F ℓ ∞ (G, π). We refer to the survey [H] for more details on ultraproducts of Banach spaces.
We now recall the construction of the ultraproduct space of L p -spaces in the context which is relevant for our purpose : we will use the ultraproduct of L pn (X, µ)-spaces over the same measure space (X, µ), but such that (p n ) n is a sequence of real numbers converging to p ≥ 1. Let 1 ≤ p, p n < ∞ be real numbers such that lim n p n = p. Let (X, µ) be a measure space. Fix a non-principal ultrafilter U on N. We recall the construction of the ultraproduct (affine) space of the L pn (X, µ)-spaces with marked points x n ∈ L pn (X, µ). The latter affine space is the quotient
and
An ultraproduct of Banach lattices is still a Banach lattice. Moreover, the norm ||.|| on (L pn ) U is clearly p-additive since lim n p n = p. Hence by the generalized Kakutani representation theorem, (L pn ) U is isometrically isomorphic to a L p -space. Because we consider L pn -spaces over the same measure space (X, µ), L p (X, µ) is isometrically isomorphic to a closed subspace
of (L pn ) U , via the diagonal embedding. Let α n = (π pn , b n ) be an affine isometric action on L pn (X, µ). Then we can define a limit action on the ultraproduct (L pn ) U by the following formulae :
This is not clear that the limit action needs to be continuous. We will discuss this issue later in the paper. If we assume that the representations π pn are measure-preserving and that b = b n for all n, then the action α admits a restriction α to the affine subspace L
with L p (X, µ), α identifies with the action on L p (X, µ) with linear part π p and translation part b. With this restriction, the continuity of the action α obviously follows from the continuity of the actions α n .
We are now able to show the following openness property.
be a cocycle associated to π, which is bounded in L p . Then there exists ǫ > 0 such that p−ǫ ∈ (r, p) and b is bounded in ℓ r ′ for all r ′ ∈ (p−ǫ, p).
Proof
The proof is a slight modification of the proof 3.c in [BFGM] . Fix a generating subset Q of G. For real numbers p n ∈ (r, p), denote by α n = (π pn , b) the affine action on L pn (X, µ) and set δ n (y n ) = sup g∈Q ||α n (g)y n − y n || pn for all y n ∈ L pn (X, µ).
We first claim that there exist ǫ > 0 (p − ǫ ∈ (r, p)), and C ≥ 0 such that for all r ′ ∈ (p − ǫ, p), and all x ∈ L r ′ (X, µ), there exists y ∈ B(x, Cδ r ′ (x)) satisfying
To prove the claim, let us assume the contrary. Then we can find a sequence (p n ) n converging to p, and x n ∈ L pn (X, µ) such that, after renormalizing α n by (π pn , b/δ n (x n )), we have δ n (x n ) = 1 for all n and δ n (y) ≥ 1/2 for all y ∈ B(x n , n).
Since Q is compact and b continuous, it is clear that the sequence (δ n (x n )) n converges to δ := sup g∈Q ||b(g)|| p . Hence the sequence (b(g)/δ n (x n )) n is equal to the constant sequence (b(g)/δ) n for all g ∈ G. So the restriction of the limit action of (π pn , b/δ n (x n )) identifies with a (continuous) affine action by isometries on L p (X, µ) with linear part π p and translation part b/δ. By assumption, the latter action has a fixed point, but this contradicts inequalities (1) above.
Now that the claim is proved, we can define inductively a sequence of elements x n ∈ L r ′ (X, µ) such that x n+1 ∈ B(x n , Cdiam(α(Q)x n )) and
for all n, where α = (π r ′ , b). Then (x n ) n is a Cauchy sequence and its limit in L r ′ (X, µ) is a fixed point for the action α.
We now show that the fixed-point spectrum F(G, π) is of the form (1, p c ) or (p c , ∞). This is a direct consequence of the following stronger result.
and all monotone sequence (p n ) n converging to p. Let G be a second countable locally compact group, generated by a compact subgroup
)) be a (BL) measure-preserving orthogonal representation, and let
The same statement holds with the assumption that (L p (X, µ)) p is a decreasing net, and with the conclusion that b is unbounded in L q (X, µ) for all 1 ≤ q ≤ p.
Proof We only prove the case where (L p (X, µ)) p is increasing, since the other case is similar. Consider the set
We need to show that S is empty. Assume the contrary, and set q = inf S.
The proof of Proposition 8 shows that q ∈ S. Hence b is unbounded in L q ′ (X, µ) for all p ≤ q ′ < q, and bounded in L q (X, µ). This contradicts the openness property for b from the previous Proposition 9.
Results about property (F ℓ p )
In this section, we first deduce from the previous section that for a topological group G, the fixed-point spectrum F ℓ ∞ (G) is empty, an interval, or the union of two disjoint intervals. Then we discuss property (F ℓp ) and give examples of groups for each of the three previous situations.
In fact, Proposition 10 is a stronger result than Theorem 2. In particular, we have the following result.
Proposition 11 Let G be a locally compact second countable group which is compactly generated. Let π : G → O(ℓ p ) be a (BL) orthogonal representation (1 ≤ p < ∞). Then one of the following assertions holds :
Proof In that case, π is measure-preserving, and the net (ℓ p ) p is increasing. If (p n ) n is a monotone sequence such that lim n p n = p, the condition that lim n ||f || pn = ||f || p for all f ∈ ℓ p ∩ ℓ p 0 , is satisfied by the dominated convergence theorem. So we can apply Proposition 10 and the result follows.
Theorem 2 is now an easy consequence of the previous proposition.
Proof of Theorem 2 Notice first that the fixed-point spectrum F ℓ ∞ (G) is empty when the group G is not compactly generated. Indeed, groups with property (T ℓp ) for some p ≥ 1 are compactly generated (see Theorem 6 in [BO] ). Recall that for p = 2, every orthogonal representation of π : G → O(ℓ p ) is measure-preserving and (BL). Then we have F ℓ ∞ (G) = π m.p., (BL) 
or ( π m.p., (BL) F ℓ ∞ (G, π))\{2}. Now the result follows from Proposition 11, since the latter result implies clearly that π m.p., (BL) 
Now we give examples of groups G for which the fixed-point spectrum F ℓ ∞ (G) is the union of two intervals [1, p c [\{2} (p c > 2). We recall the following well-known relationships between properties (T ), (T ℓp ) and (F ℓp ):
Property (T ℓp ) was studied in [BO] . In particular, it was shown that in the class of connected groups, groups having property (T ℓp ) are the ones with compact abelianization (see Corollary 3 in [BO] ). We now show that the latter groups also have property (F ℓp ).
Theorem 12 Let G be a locally compact second countable group. Assume that G is connected. Then the following assertions are equivalent :
Proof
We only have to show the implication (iii) ⇒ (i). Since G is connected, the orbits of a continuous action of G on a countable infinite discrete set X are singletons. Hence a (BL) representation on ℓ p (X) is a direct sum of continuous unitary characters. So we have to show that
where every χ i is a continuous character on G. Let π = i∈I χ i be such a representation. Let H = i∈I Ker(χ i ) be the kernel of the homomorphism
As a consequence of the Hoschild-Serre spectral sequence, we have the following exact sequence :
To finish the proof, it suffices to notice that H 1 (G/N, ρ) = {0} and H 1 (N, 1 N ) = {0}. Indeed, since G/N is compact, we have H 1 (G/N, ρ) = {0}. Moreover,
Remark 13 (i) The exact sequence in the previous proof was already used in [BMV] to obtain results concerning the cohomology (and the reduced cohomology) associated to the regular representation. In particular, it is shown that the reduced ℓ p -cohomology H 1 p (Γ, λ Γ ) vanishes if and only if p ≤ e(Γ) for some lattices Γ in rank one groups and some critical exponent e(Γ) explicitly defined (see Theorem 2 and the discussion which follows its statement). Such a result suggests that the critical point p c should belong to the fixed-point spectrum F ℓ ∞ (G, π).
(ii) Other examples which suggest that the set F ℓ ∞ (G, π) is closed can be found in [B] ( see Remark 4) in section 1.6, and Remark 3) in section 2.4 ).
Question 14 Does p c always belong to F ℓ ∞ (G, π) whenever the fixed-point spectrum is non-empty ?
The following examples show that the the fixed-point spectrum can have one or two connected components when it is not empty.
Examples 15 (i) For instance, the group SL 2 (R) does not have property (T ), but has property (F ℓp ) for all p = 2 by the previous theorem. So we have
(ii) The group SL 2 (Q l ) (where Q l is the field of l-adic numbers) has property (T ℓp ) (see Exemple 9 in [BO] ). On the other hand, SL 2 (Q l ) is known to act on a tree without fixed point. Hence it does not have property (F ℓp ) for any p ≥ 1 (see [BHV] section 2.3 p.87 for instance). So property (T ℓp ) is stricly weaker than property (F ℓp ). Moreover, G = SL 2 (Q l ) is an example of a group such that F ℓ ∞ (G) is empty. (iii) Any group G with property (T ) has a spectrum F ℓ ∞ (G) of the form [1, p c [ for some p c > 2.
Question 16 Does there exist a non-Kazhdan totally disconnected group which has property (F ℓp ) for some (all) 1 < p < 2 ?
5 Fixed-point spectrum for actions on L p (X, µ) associated to non-atomic measure spaces (X, µ)
In the first part of this section, we prove the results concerning the fixedpoint spectrum for measure-preserving actions on L p -spaces associated to finite measure spaces. In the second part, we discuss the difficulties which appear in the non-measure preserving case. Then in a third part, we give some results toward the conjecture of C. Drutu for L ∞ (0, 1), under some assumptions intermediate between the requirement of measure-preserving actions and the general case.
5.1 Fixed-point spectrum associated to measure preserving actions on finite measure spaces Let 1 ≤ p < ∞. In the first part of this section, we prove Theorem 3 and a characterization of property (T ) by the vanishing of the first cohomology groups associated to all Gaussian measure-preserving representations on L p (X, µ).
The proof of Theorem 3 is again a consequence of Proposition 10.
Proof of Theorem 3 Let (X, µ) be a finite measure space. Then the net (L p (X, µ)) p is decreasing. The assumption on convergence of norms in Proposition 10 is once again satisfied by the dominated convergence theorem. Hence Theorem 3 follows from the second part of Proposition 10.
The previous results yield that F L ∞ (X,µ) (G, π) = [1, ∞[ when G is a Kazhdan group and π is measure-preserving associated to a finite measure space (X, µ).
Corollary 17 Let G be a locally compact second countable group, and let (X, µ) be a finite measure space. Assume that G has property (T ). Then for all p ≥ 1, and for all measure-preserving orthogonal representation
Proof For a group G with property (T ), it is known that G is compactly generated, and that H 1 (G, π) = {0} for all 1 ≤ p < 2 and all orthogonal rep-
Hence the corollary follows from Theorem 3.
As a consequence, we have the following characterization of property (T ) in terms of affine isometric actions on L p -spaces associated to Gaussian measure spaces.
Corollary 18 Let G be a locally compact second countable group. Then the following assertions are equivalent : (i) G has property (T );
(ii) for all Gaussian probability space (X, µ), all p ≥ 1, and all measurepreserving orthogonal representation
This is a particular case of Corollary 17.
(ii) ⇒ (i) : If G does not have property (T ), one can construct a Gaussian measure space (X, µ) endowed with an action of G such that : -the action of G on (X, µ) is measure-preserving (hence so is the associated representation π p ); -the restriction of π p to L ′ p (π p ) admits a sequence of almost invariant vectors. Thus by the usual Guichardet argument, we have
and the theorem is proved.
The construction of (X, µ) in the previous proof is due to Connes and Weiss, and details are explained in [BHV] (theorem 6.3.4). See also section 4.c in [BFGM] , for the proof of the statement related to almost invariant vectors.
Discussion about the difficulties to show that
is connected
In the second part of the section, we discuss the difficulties which appear when one wants to show the connectedness of F L ∞ (0,1) (G). The main obstruction to apply our method is that non-measure-preserving actions are involved. One fact is well-known : the openness of the fixed-point spectrum F L ∞ (X,µ) (G) is known at the point 2, by the argument of Margulis and Fisher already used earlier in the paper.
Theorem 19 (Margulis/Fisher section 3.c in [BFGM] ) Let G be a locally compact second countable group. Assume G has property (T ). Then the fixed-point spectrum F L ∞ (X,µ) (G) contains a neighborhood of 2.
The proof of this theorem is given in section 3.c in [BFGM] . It relies on the construction of a limit action α of the group G on a ultraproduct of the form (L pn ) U (with lim n p n = 2) which comes from some affine isometric actions α n on the spaces L pn . In that case, the space (L pn ) U is linearly isomorphic to a Hilbert space H. This construction was already recalled in the previous section 3, and as said before there is no reason for the limit action to be continuous (see the Example 21 below) when G is a non-disrete locally compact group. Nevertheless, one can restrict the action α to some closed subspace H 0 so that α |H 0 is continuous. This method was used in section 4 of [CCS] and details can be found there. We only recall how the subspace H 0 is obtained. For n ∈ N and f ∈ C c (G), one can define an affine map α n (f ) : L pn → L pn by the formulae
Moreover, we have α(f )(x n ) U ∈ H for all (x n ) U ∈ H and all f ∈ C c (G). Then take an approximate identity (f k ) k in L 1 (G) with supports in a common compact neighborhood of the identity K ⊂ G, and we define
One can choose K such that H 0 does not depend on the approximate identity we choose. Then one can show that H 0 is a α(G)-invariant closed subspace of H, and that the maps G → H 0 , g → α(g)x are continuous for all x ∈ H 0 .
Remark 20 The same proof shows that the result in Theorem 19 still holds when replacing F L ∞ (X,µ) (G) by F M (G) for any von Neumann algebra M. We will use this result in the next section for the particular case of M = B(H) and actions on Schatten p-ideals S p .
The following example shows that the continuity of the limit action in the above proof does not hold in the whole limit space in general.
Example 21 Let G be a non-discrete topological group. Let U be an ultrafilter on N. We define H = (R) U to be the ultrapower of copies of R along U . On the n-th copy of R, define the orthogonal representation
Now take π the natural limit action (which acts by linear isometries) on H associated to the actions π n . Denote also by f the diagonal embedding of f := χ [0, 1] , the indicator function of [0, 1] , in H. It is easily checked that, for all a = 0, we have ||π(a)f − f || = 2.
Hence the limit action π is not continuous on H.
We now explain some difficulties to show that F L ∞ (0,1) (G) is open, with the ultraproduct technique used in the proof of Theorem 19, or in the proof of our Proposition 9.
When one considers non-measure preserving (BL) orthogonal representations, a cocycle in L p associated to a representation π p is no longer a cocycle for the conjugate representation π q when L p ⊂ L q . Hence the diagonal embedding of a cocycle used in the proof of Proposition 9 is not possible in the non-measure preserving case.
The ultraproduct of L p (X, µ)-spaces along a non-principal ultrafilter U is in general non-separable (for instance, see Theorem 5.4 in [H] ) : therefore when lim n p n = p, the ultraproduct (L pn (0, 1)) U is a L p -space, which is not isometrically isomorphic to a space L p (X, µ) for some standard Borel measure space (X, µ). This remark suggests to consider a more restricted fixed-point spectrum, associated to all isometric actions on L p (X, µ) for all possible measure spaces (X, µ). Unfortunately, this class of actions is less understood and does not fit to our setting since there is no analog of the Banach-Lamperti theorem in the general case where (X, µ) is not a standard Borel measure space.
As seen in the proof of Theorem 19, showing the continuity of a limit action may require to pass to a closed subspace. In general, a closed subspace of a L p -space is not a L p -space. Once again, this suggests to consider the fixed-point spectrum for a larger family of actions, including the actions on a L p -space and all their closed subspaces.
Some results under additional assumptions
Under some boundedness assumption on a non-measure preserving representation π, we can use some recent results from [BN] about cohomology of deformations to show that the spectrum F L ∞ (X,µ) (G, π) is connected.
Let G be a topological group, and let (X, µ) be a standard Borel measure space. Let
The use of the theorems from [BN] requires some additional assumptions on the group G and the representation π p considered, namely : G is finitely presented, and the second cohomology H 2 (G, π p ) is reduced. We refer to [BN] for the relevant definitions and discussion on these assumptions.
Assume that G is generated by a finite set S. A representation ρ : G → B (L p (X, µ) ) of G in the group of bounded linear operators B(L p (X, µ)) is said to be an ǫ-deformation of π p in the sense of [BN] if
For g ∈ G, denote by
the Radon-Nikodym derivative which appears in the Banach-Lamperti description of the isometry π p (g). The conjugate representations (π q ) q≥1 are a family of deformation of π p , and their deformations can be controlled whenever the Radon-Nikodym derivative
dµ is bounded for all g ∈ G (see Example 9 in [BN] ). Then we have the following result.
Proposition 22 Let G be a finitely presented group with property (T ). Let (X, µ) be a standard Borel measure space, and let
is reduced, and that
Proof Fix a finitely generated set S of G. We have the following inequality
And the right hand-side of the inequality tends to 0 as q tends to r ≥ 1 since the Radon-Nikodym derivative
is bounded for all s ∈ S. Notice that F L ∞ (X,µ) (G, π p ) is not empty since G has property (T ). Let r ∈ F L ∞ (X,µ) (G, π p ). Then by the first part of Theorem 4 in [BN] , there exists ǫ = ǫ(G, π p ) such that H 1 (G, π q ) = {0} whenever q is ǫ-close to r. Hence the openness of F L ∞ (X,µ) (G, π p ) at r is clear from the inequalities above. By the second part of the latter theorem, when H 2 (G, π) is reduced for all unitary representations of G, there exists ǫ = ǫ(G) independant of π p such that H 1 (G, π q ) = {0} whenever q is ǫ-close to r. Then the set F L ∞ (X,µ) (G, π p ) is closed at r as well.
Then the following corollary is a straightforward consequence of Theorem 19, Proposition 22, and the well-known fact that property (T ) is equivalent to property (F Lp(0,1) ) for all 1 ≤ p ≤ 2.
in [D] , the estimates C p,pn , C pn,p can be made independant of n, whenever p > 1 and lim n p n = p. Theorem 8 in [D] asserts that the absolute value is Lipschitz on S p for p > 1, with a Lipschitz constant which can be taken independant of n in our situation. The absolute value is no longer Lipschitz on S 1 but the following inequality holds (in fact this result is valid for all non-commutative L 1 -spaces; see [K] ) :
Then for p = 1, one can replace Davies' Theorem 2.4 in [R] by the previous inequality to make the Mazur maps estimates independant of n when lim n p n = 1 (in that case, the exponent θ p,q in the estimates (1) has to be replaced by 1 2 min(1, p q )).
In [O1] , it is proved that property (T ) implies property (T Lp (M) ) for all non-commutative L p (M)-space, and all p ≥ 1. For Schatten p-ideals S p , the converse holds. The latter result for rigidity properties has a counterpart for non-rigidity properties, namely the Haagerup property and its variants on L p -spaces (see Theorem 3.2 in [O2] ).
Proposition 24 Let 1 ≤ p < ∞. Let G be a locally compact second countable group. Then the following are equivalent : (i) G has property (T ); (ii) G has property (T Sp ).
Proof As mentioned before, we only have to prove the implication (ii) ⇒ (i). Assume that G does not have property (T ). Then there exists a unitary representation ρ : G → U (H) with almost invariant vectors and without nonzero finite-dimensional subrepresentation (see Remark 2.12.11 in [BHV] ). Define π p : G → O(S p ) by π p (g)x = ρ(g)xρ(g −1 ) for all g ∈ G, x ∈ S p .
By the previous discussion, π p is an (A) orthogonal representation, which does not have non-zero invariant vector in S p since ρ has no non-zero finitedimensional subrepresentations. Now we show that π p has a sequence of almost invariant vectors. In view of the remarks above, it suffices to prove that the representation π 2 almost has invariant vectors. For ξ ∈ H with ||ξ|| = 1, denote by P ξ ∈ S 2 the orthogonal projection on the subspace Cξ. Observe that ||P ξ || 2 = 1 and for ξ, η two unit vectors in H, we have
Let (ξ n ) n be a sequence of almost invariant vectors for ρ. Set v n = P ξn for all n. Then, for every g ∈ G, π 2 g (v n ) = P ρ(g)ξn . The previous inequality therefore shows that (v n ) n is a sequence of almost invariant vectors for π 2 . Hence π p has a sequence of almost invariant vectors but has no non-zero invariant vector, and G does not have property (T Sp ).
Proposition 10 has the following consequence.
Proposition 25 Let G be a locally compact second countable group which is compactly generated. Let π : G → O(S p ) (1 ≤ p < ∞) be an (A) 
Proof
The net (S p ) p is increasing. Let (p n ) n be a monotone sequence converging to p, and let a ∈ S p 0 ∩ S p . For a ∈ S p 0 ∩ S p , the C * -algebra generated by a is * -isomorphic to a space of continuous functions C(K). Hence we can use the dominated convergence theorem to obtain lim n ||a|| pn = ||a|| p for all a ∈ S p 0 ∩ S p . By the remarks at the beginning of the section, we can apply Proposition 10, replacing L p (X, µ) (resp. measure-preserving (BL) 
